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a b s t r a c t
We determine the cyclic semi-regular subgroups of the 2-transitive permutation groups
PGL(2, n), PSL(2, n), PGU(3, n), PSU(3, n), Sz(n) and Ree(n) with n a suitable power of a
prime number p.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The idea of looking into fixed-point-free elements of transitive permutation groups arose in the early studies of
combinatorics and group theory. It was soon recognized that knowing the fixed-point-free elements in a transitive
permutation group may give very useful information on the action and the structure of the group. The classical result,
known as the Cauchy–Frobenius-Orbit-Counting lemma, sometimes named as the ‘‘not-Burnside Lemma’’, states that every
transitive permutation group contains some fixed-point-free elements; a fundamental result that originated a still active
research area, see [1–3,6]. On the other hand, there are known elusive transitive permutation groups, those without fixed-
point-free elements of prime order, and hencewithout semi-regular subgroups, see [5,11]. It should be noted, however, that
elusive groups are somewhat rare. For instance, all elusive groupswith a transitiveminimal normal subgroup arise fromM11
in a rather natural manner, see [12].
Since certain transitive groups act as symmetry groups of geometric structures, deeper results on fixed-point-free
elements happen to provide useful tools in investigations. This largely occurs in Finite geometry and Algebraic geometry,
but applications are also known in Number theory [10,15], Combinatorial Set theory [4] and Graph theory [23].
A complete classification of doubly transitive permutation groups having a cyclic regular subgroup was given in [27].
With this motivation, the present notes are aimed at providing some useful results on cyclic semi-regular subgroups
of the 2-transitive permutation groups PGL(2, n), PSL(2, n), PGU(3, n), PSU(3, n), Sz(n) and Ree(n) where n is a suitable
power of a prime number p. Our methods are elementary and combinatorial in nature, while relying on the determination
of the maximal subgroups of these groups. Other approaches could also be suitable to obtain the same results, for example,
using the character tables of these groups.
Furthermore, a result on cyclic subgroups of the 2-point stabiliser in the automorphism groups of these groups is
proven [22].
2. The projective linear group
In this paper, Fn denotes a finite field of order nwhere n is a power of a prime p, the characteristic of Fn.
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The projective linear group PGL(2, n) consists of all linear fractional mappings
ϕ(a,b,c,d) : x 7→ ax+ bcx+ d , ad− bc 6= 0,
with a, b, c, d ∈ Fn. The order of PGL(2, n) is n(n− 1)(n+ 1).
Let  be the set of all non-zero square elements in Fn. The special projective linear group PSL(2, n) is the subgroup of
PGL(2, n) consisting of all linear fractional mappings ϕ(a,b,c,d) for which ad− bc ∈ . For even n, PSL(2, n) = PGL(2, n). For
odd n, PSL(2, n) is a subgroup of PGL(2, n) of index 2.
For n ≥ 4, PSL(2, n) is a non-abelian simple group. For smaller values of n, PGL(2, 2) ∼= PSL(2, 3) ∼= S3. For this reason,
we only consider the case of n ≥ 4.
The above fractional mapping ϕ(a,b,c,d) defines a permutation on the setΩ = Fn ∪ {∞} of size n + 1. So, PGL(2, n) can
be viewed as a permutation group on Ω . Such a permutation group is sharply 3-transitive on Ω , in particular 2-transitive
onΩ , and it is defined to be the natural 2-transitive permutation representation of PGL(2, n). In this context, PSL(2, n) with
n odd can be viewed as permutation group onΩ . Such a permutation group is 2-transitive onΩ , and it is defined to be the
natural 2-transitive permutation representation of PSL(2, n).
The subgroups of PSL(2, n)were determined by Dickson, see [19, Hauptsatz 8.27].
Theorem 1 (Dickson’s Classification of Subgroups of PSL(2, n)). If U is a subgroup of PSL(2, n) with n = pr , then U is one of
the following groups:
(1) An elementary abelian p-group of order pm with m ≤ r.
(2) A cyclic group of order z where z is a divisor of 2r − 1 or 2r + 1, if p = 2, and a divisor of 12 (pr − 1) or 12 (pr + 1), if p > 2.
(3) A dihedral group of order 2z where z is as in (2).
(4) A semi-direct product of an elementary abelian p-group of order pm and a cyclic group of order t where t is a divisor of
pgcd(m,r) − 1.
(5) A group isomorphic to A4. In this case, r is even, if p = 2.
(6) A group isomorphic to S4. In this case, p2
r − 1 ≡ 0 (mod 16).
(7) A group isomorphic to A5. In this case, pr(p2
r − 1) ≡ 0 (mod 5).
(8) A group isomorphic to PSL(2, pm) where m divides r.
(9) A group isomorphic to PGL(2, pm) where 2m divides r.
As a corollary, we have the following result.
Proposition 2. Let U be a cyclic subgroup of PSL(2, n), n ≥ 3, which contains no non-trivial element fixing a point onΩ . Then
|U| divides n+ 1 when n is even and 12 (n+ 1) when n is odd.
FromDickson’s classification, all subgroups of PGL(2, n)with n odd, can also be obtained, see [34]. In particular, Proposition 2
extends to PGL(2, n)with n odd provided that 12 (n+ 1) is replaced by n+ 1.
2.1. Examples
For n even, choose α ∈ Fn such that the polynomial x2 + αx+ 1 is irreducible over Fn. Let
Φ = {ϕ(a,b,b,a+αb) | a, b ∈ Fn, a2 + αab+ b2 = 1}.
Then Φ is a cyclic matrix group of order n + 1 acting faithfully on Ω as a semi-regular subgroup of PGL(2, n). For n odd,
choose a non-square element σ of Fn. Let
Ψ = {ϕ(a,b,σb,a) | a, b ∈ Fn, a2 − σb2 = 1}.
Then Ψ is a cyclic matrix group of order n + 1 acting on Ω as a semi-regular subgroup of PSL(2, n) of order 12 (n + 1).
Moreover, let
Ξ = {ϕ(a,b,σb,a) | a, b ∈ Fn, a2 − σb2 = ±1}.
ThenΞ is a cyclic matrix group of order 2(n+ 1) acting onΩ as a semi-regular subgroup of PGL(2, n) of order n+ 1.
Let n ≥ 5 odd. Then the subgroups listed in (1) and (2) form a partition of PSL(2, n), that is, every non-trivial element of
PSL(2, n) belongs to exactly one of those subgroups, see [32]. This has the following corollary.
Proposition 3. Let n ≥ 5 odd. Any two maximal cyclic subgroups of PSL(2, n) have trivial intersection.
Now, we collect some basic properties of involutions and p-elements in PGL(2, n) which may be deducted from the
representation of PGL(2, n) as the linear collineation group preserving an irreducible conic in PG(2, q), see [26]. For
completeness, we also provide proofs.
Proposition 4. Let n be odd.
(I) ϕ(a,b,c,d) ∈ PGL(2, n) is an involution if and only if a+ d = 0. The number of involutions in PGL(2, n) is equal to n2.
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(II) If n ≡ 1 (mod 4), then PSL(2, n) has 12n(n+ 1) involutions. Each has exactly two fixed points onΩ , while no involution in
PGL(2, n) \ PSL(2, n) has a fixed point onΩ .
(III) If n ≡ 3 (mod 4), then PSL(2, n) has 12n(n − 1) involutions. Each has no fixed point on Ω , while each involution in
PGL(2, n) \ PSL(2, n) has exactly two fixed points onΩ .
Proof. A direct computation shows that ϕ(a,b,c,d) ∈ PGL(2, n) is an involution if and only if b(a+ d) = 0 and c(a+ d) = 0.
The latter condition is satisfied when either a + d = 0 or b = c = 0. Furthermore, ϕ(a,0,0,d) is an involution if and only if
a2 = d2 but a 6= d. Counting gives assertion (I).
To show (II) and (III) take an involution ϕ(a,b,c,−a) ∈ PGL(2, n). A direct computation shows that ϕ(a,b,c,−a) has two or zero
fixed points on Ω accordingly as −(a2 − bc) is in  or not. Since −1 ∈  if and only if n ≡ 1 (mod 4), assertions (II) and
(III) follow. 
Proposition 5. Let n ≥ 5 odd.
(x) The elements of PGL(2, n) of order p are contained in PSL(2, n).
(xx) Any two elements of PSL(2, n) of order p are conjugate in PGL(2, n).
(xxx) The elements of PSL(2, n) of order p form two different conjugacy classes in PSL(2, n).
Proof. In the natural 2-transitive permutation representation, the elements ϕ(a,b,c,d) with a = d = 1, c = 0 and b ∈ Fn
form a Sylow p-subgroup Sylp of PGL(2, n). Actually, all such elements ϕ(a,b,c,d) are in PSL(2, n).
To show (x), it is enough to observe that the order of PGL(2, n) is twice that of PSL(2, n). Take two non-trivial elements in
Sylp, say ϕ1 = ϕ(1,b,0,1) and ϕ2 = ϕ(1,b′,0,1). Let a = b′/b, and ϕ = ϕ(a,0,0,1). Then ϕ2 = ϕ ϕ1ϕ−1 showing that ϕ2 is conjugate
to ϕ1 in PGL(2, n). This proves (xx). Note that if a ∈ , then ϕ2 is conjugate to ϕ1 in PSL(2, n).
Take any two distinct elements of PSL(2, n) of order p. Every element of PGL(2, n) of order p has exactly one fixed point
inΩ and PSL(2, n) is transitive onΩ . Therefore, to show (xxx), we may assume that both elements are in Sylp. So, they are
ϕ1 and ϕ2 with b, b′ ∈ Fn \ {0}. Assume that ϕ2 is conjugate to ϕ1 under an element ϕ ∈ PSL(2, n). Since ϕ fixes∞, we have
that ϕ = ϕ(a,u,0,1) with a, u ∈ Fn and a 6= 0. But then a = b/b′. Therefore, ϕ2 is conjugate to ϕ1 under PSL(2, n) if and only if
b′/b ∈ . This shows that ϕ1 and ϕ2 are in the same conjugacy class if and only if b and b′ have the same quadratic character
in Fn. This completes the proof. 
3. The projective unitary group
LetU be the classical unital in PG(2, n2), that is, the set of all self-conjugate points of a non-degenerate unitary polarity
Π of PG(2, n2). Then |U| = n3 + 1, and at each point P ∈ U, there is exactly one 1-secant, that is, a line `P in PG(2, n2)
such that |`P ∩U| = 1. The pair (P, `P) is a pole-polar pair of Π , and hence `P is an absolute line of Π . Each other line in
PG(2, n2) is a non-absolute line of Π and it is an (n + 1)-secant of U, that is, a line ` such that |` ∩ U| = n + 1, see [18,
Chapter II.8].
An explicit representation ofU in PG(2, n2) is as follows. Let
M = {m ∈ Fn2 | mn +m = 0}.
Take an element c ∈ Fn2 such that cn + c + 1 = 0. A homogeneous coordinate system in PG(2, n2) can be chosen so that
U = {X∞} ∪ {U = (1, u, un+1 + c−1m) | u ∈ Fn2 , m ∈ M}.




The projective unitary group PGU(3, n) consists of all projectivities of PG(2, n2) which commute with Π . The group
PGU(3, n) preserves U and can be viewed as a permutation group on U, since the only projectivity in PGU(3, n) fixing
every point inU is the identity. The group PGU(3, n) is a 2-transitive permutation group onU, and this is defined to be the
natural 2-transitive permutation representation of PGU(3, n). Furthermore, |PGU(3, n)| = (n3 + 1)n3(n2 − 1).
Withµ = gcd(3, n+1), the group PGU(3, n) contains a normal subgroup PSU(3, n), the special unitary group, of indexµ
which is still a 2-transitive permutation group onU. This is defined to be the natural 2-transitive permutation representation
of PSU(3, n).
For n > 2, PSU(3, n) is a non-abelian simple group, but PSU(3, 2) is a solvable group.
The maximal subgroups of PSU(3, n)were determined by Mitchell [29] for n odd and by Hartley [16] for n even, see [17].
Theorem 6. The following is the list of maximal subgroups of PSU(3, n) with n ≥ 3 up to conjugacy:
(i) the one-point stabiliser of order n3(n2 − 1)/µ;
(ii) the non-absolute line stabiliser of order n(n2 − 1)(n+ 1)/µ;
(iii) the self-conjugate triangle stabiliser of order 6(n+ 1)2/µ;
(iv) the normaliser of a cyclic Singer group of order 3(n2 − n+ 1)/µ;
further, for n = pk with p > 2,
(v) PGL(2, n) preserving a conic;
(vi) PSU(3, pm), with m | k and k/m odd;
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(vii) the subgroup containing PSU(3, pm) as a normal subgroup of index 3when m | k, k/m is odd, and 3 divides both k/m and
q+ 1;
(viii) the Hessian groups of order 216 when 9 | (q+ 1), and of order 72 and 36 when 3 | (q+ 1);
(ix) PSL(2, 7) when either p = 7 or √−7 6∈ Fq;
(x) the alternating group A6 when either p = 3 and k is even, or
√
5 ∈ Fq but Fq contains no cube root of unity;
(xi) the symmetric group S6 for p = 5 and k odd;
(xii) the alternating group A7 for p = 5 and k odd;
for n = 2k,
(xiii) PSU(3, 2m) with k/m an odd prime;
(xiv) the subgroups containing PSU(3, 2m) as a normal subgroup of index 3 when k = 3mwith m odd;
(xv) a group of order 36 when k = 1.
Proposition 7. Let U be a cyclic subgroup of PSU(3, n), n ≥ 3, which contains no non-trivial element fixing a point onU. Then
|U| divides either (n+ 1) or (n2 − n+ 1)/µ.
Proof. Fix a projective frame in PG(2, n2) and define the homogeneous point coordinates (x, y, z) in the usual way. Take a
generator u of U and look at the action of u on the projective plane PG(2,K) over the algebraic closureK of Fn2 . In our case,
u fixes no line point-wise. In fact, if a collineation had fixed a line ` in PG(2,K) point-wise, then `would be a line PG(2, n2).
But every line in PG(2, n2) has a non-trivial intersection withU, contradicting the hypothesis on the action of U .
If u has exactly one fixed point P , then P ∈ PG(2, n2) but P 6∈ U. Then the polar line ` of P under the non-degenerate
unitary polarityΠ is a (n+1)-secant ofU. SinceU∩ ` is left invariant by U , it follows that |U| divides n+1. If u has exactly
two fixed points P,Q , then either P,Q ∈ PG(2, n2), or P,Q ∈ PG(2, n4) \ PG(2, n2) and Q = Φ(2)(P), P = Φ(2)(Q )where
Φ(2) : (x, y, z)→ (xn2 , yn2 , zn2)
is the Frobenius collineation of PG(2, n4) over PG(2, n2). In both cases, the line ` through P and Q is a line ` of PG(2, n2). As
u has no fixed point inU, ` is not a 1-secant ofU, and hence it is an (n+ 1)-secant ofU. Arguing as before shows that |U|
divides n+ 1.
If U has exactly three fixed points P,Q , R, then P,Q , R are the vertices of a triangle. Two cases can occur accordingly as
P,Q , R ∈ PG(2, n2) or P,Q , R ∈ PG(2, n6) \ PG(2, n2) and Q = Φ(3)(P), R = Φ(3)(Q ), P = Φ(3)(R)where
Φ(3) : (x, y, z)→ (xn2 , yn2 , zn2)
is the Frobenius collineation of PG(2, n6) over PG(2, n2).
In the former case, the line through P,Q is an (n+ 1)-secant ofU. Again, this implies that |U| divides n+ 1. In the latter
case, consider the subgroup Γ of PGL(3, n2), the full projective group of PG(2, n2), that fixes P,Q and R. Such a group Γ is
a Singer group of PG(2, n2) which is a cyclic group of order n4 + n2 + 1 acting regularly on the set of points of PG(2, n2).
Therefore, U is a subgroup of Γ . On the other hand, the intersection of Γ and PSU(3, n) has order (n2 − n+ 1)/µ, see case
(iv) in Theorem 6. 
3.1. Examples
Choose an elementw ∈ Fn2 of order n+ 1. For every 0 ≤ i ≤ n, let
Si =
wi 0 00 w2i 0
0 0 1
 .
The set S = {Si | i = 0, 1, . . . , n} is a cyclic matrix group of order n+ 1 that preserves the classical unitalUwith equation
Xn+10 + Xn+11 + Xn+12 = 0. More precisely, S acts faithfully onU as a semi-regular subgroup of PGU(3, n) of order n+ 1. If 3
divides n+ 1, then the subgroup T of S consisting of all Si with i a multiple of 3 is a subgroup of PSU(3, n) of order 13 (n+ 1).







where ax2+bx+ c is a primitive polynomial of Fn2 . Then tn2+n+1 generates a Singer subgroupH preserving a classical unital
U, and henceH is a semi-regular subgroup of PGU(3, n). If 3 divides n+1, then the subgroupM ofH generated by t3(n2+n+1)
is a subgroup of PSU(3, n) of order 13 (n
2 − n+ 1). In [7,8] it was shown that T can be diagonalized over Fn6 into
T ′ =
d 0 00 dn+1 0
0 0 1
 ,
where d is a primitive (n4 + n2 + 1)th root of unity lying in Fn6 . The linear collineation α diagonalizes t in such a way that
it takes the Hermitian curve associated withU to the plane curve of equation X0Xn1 + X1Xn2 + X2Xn0 = 0. Let t ′ be the linear
3062 M. Giulietti, G. Korchmáros / Discrete Mathematics 310 (2010) 3058–3066
collineation associated to T ′. Then (t ′)n2+n+1 generates a cyclic collineation group D of order n2− n+ 1 which is isomorphic
to subgroup of PGU(3, n). Moreover, D is semi-regular on the unital consisting of all the points in PG(2, n6) which are the
images of the points ofU under the action of α.
4. The Suzuki group
A general theory on the Suzuki group is given in [20, Chapter XI.3].
An ovoidO in PG(3, n) is a point set with the same combinatorial properties as an elliptic quadric in PG(3, n); namely,Ω
consists of n2 + 1 points, no three collinear, such that the lines through any point P ∈ Ω meetingΩ only in P are coplanar.
In this section, n = 2n20 with n0 = 2s and s ≥ 1. Note that xϕ = x2q0 is an automorphism of Fn, and xϕ2 = x2.
LetΩ be the Suzuki–Tits ovoid in PG(3, n), which is the only known ovoid in PG(3, n) other than an elliptic quadric. In a
suitable homogeneous coordinate system of PG(3, q)with Z∞ = (0, 0, 0, 1), we write
Ω = {Z∞} ∪ {(1, u, v, uv + u2ϕ+2 + vϕ) | u, v ∈ Fn}.
The Suzuki group Sz(n), also written 2B2(q), is the projective group of PG(3, n) preserving Ω . The group Sz(n) can be
viewed as a permutation group on Ω as the identity is the only projective transformation in Sz(n) fixing every point in
Ω . The group Sz(n) is a 2-transitive permutation group onΩ , and this is defined to be the natural 2-transitive permutation
representation of Sz(n). Furthermore, Sz(n) is a simple group of order (n2 + 1)n2(n− 1).
The maximal subgroups of Sz(n)were determined by Suzuki, see also [20, Chapter XI.3].
Proposition 8. The following is the list of maximal subgroups of Sz(n) up to conjugacy:
(i) the one-point stabiliser of order n2(n− 1);
(ii) the normaliser of a cyclic Singer group of order 4(n+ 2n0 + 1);
(iii) the normaliser of a cyclic Singer group of order 4(n− 2n0 + 1);
(iv) Sz(n′) for every n′ such that n = nm with m prime.
Proposition 9. The subgroups listed below form a partition of Sz(n):
(v) all subgroups of order n2;
(vi) all cyclic subgroups of order n− 1;
(vii) all cyclic Singer subgroups of order n+ 2n0 + 1;
(viii) all cyclic Singer subgroups of order n− 2n0 + 1.
Proposition 10. Let U be a cyclic subgroup of Sz(n)which contains no non-trivial element fixing a point onΩ . Then |U| divides
either (n− 2n0 + 1) or (n+ 2n0 + 1).
Proof. Take a generator u of U . Then u, and hence U , is contained in one of the subgroups listed in Proposition 9. More
precisely, since u fixes no point, such a subgroup must be of type (vii) or (viii). 
4.1. Examples
Like the projective unitary groups, the Singer subgroups of Sz(n) do not have a handful matrix representation. To get an
explicit description, one can argue as at the end of the previous section diagonalizing the matrix associated to a generator
of a Singer subgroup. The interested reader is referred to the paper [13].
5. The Ree group
The Ree group can be introduced in a similar way using the combinatorial concept of an ovoid, this time in the context
of polar geometries. For details, the reader is referred to [20, Chapter XI.13]; see also [21,24,33].
An ovoid in the polar space associated to the non-degenerate quadricQ in the space PG(6, n) is a point set of size n3+ 1,
with no two of the points conjugate with respect to the orthogonal polarity arising fromQ.
In this section, n = 3n20 and n0 = 3s with s ≥ 0. Then xϕ = x3n0 is an automorphism of Fn, and xϕ2 = x3.
LetΩ be the Ree–Tits ovoid ofQ. In a suitable homogeneous coordinate system of PG(6, n)with Z∞ = (0, 0, 0, 0, 0, 0, 1),
the quadric is defined by its homogeneous equation X23 + X0X6 + X1X5 + X2X4 = 0, and
Ω = {Z∞} ∪ {(1, u1, u2, u3, v1, v2, v3)},
with
v1(u1, u2, u3) = u21u2 − u1u3 + uϕ2 − uϕ+31 ,
v2(u1, u2, u3) = uϕ1uϕ2 − uϕ3 + u1u22 + u2u3 − u2ϕ+31 ,
v3(u1, u2, u3) = u1uϕ3 − uϕ+11 uϕ2 + uϕ+31 u2 + u21u22 − uϕ+12 − u23 + u2ϕ+41 ,
for u1, u2, u3 ∈ Fn.
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The Ree group Ree(n), also written 2G2(n), is the projective group of PG(6, n) preserving Ω . The group Ree(n) can be
viewed as a permutation group onΩ as the identity is the only projective transformation in Ree(n) fixing every point inΩ .
The group Ree(n) is a 2-transitive permutation group on Ω , and this is defined to be the natural 2-transitive permutation
representation of Ree(n). Furthermore, |Ree(n)| = (n3 + 1)n3(n − 1). For s > 1, the group Ree(n) is simple, but
Ree(3) ∼= P0L(2, 8) is a non-solvable group with a normal subgroup of index 3.
For every prime d > 3, the Sylow d-subgroups of Ree(n) are cyclic, see [20, Theorem 13.2 (g)]. Put
w1(u1, u2, u3) = −uϕ+21 + u1u2 − u3,
w2(u1, u2, u3) = uϕ+11 u2 + uϕ1u3 − u22,
w3(u1, u2, u3) = uϕ3 + (u1u2)ϕ − uϕ+21 u2 − u1u22 + u2u3 − uϕ+11 u3 − u2ϕ+31 ,
w4(u1, u2, u3) = uϕ+31 − u21u2 − uϕ2 − u1u3.
Then a Sylow 3-subgroup Syl3 of Ree(n) consists of the projectivities represented by the matrices,
1 0 0 0 0 0 0
a 1 0 0 0 0 0
b aϕ 1 0 0 0 0
c b− aϕ+1 −a 1 0 0 0
v1(a, b, c) w1(a, b, c) −a2 −a 1 0 0
v2(a, b, c) w2(a, b, c) ab+ c b −aϕ 1 0
v3(a, b, c) w3(a, b, c) w4(a, b, c) c −b+ aϕ+1 −a 1

for a, b, c ∈ Fn. Here, Syl3 is a normal subgroup of Ree(n)Z∞ of order n3 and regular on the remaining n3 points of Ω . The
stabiliser Ree(n)Z∞,OwithO = (1, 0, 0, 0, 0, 0, 0) is the cyclic group of ordern−1 consisting of the projectivities represented
by the diagonal matrices,
diag(1, d, dϕ+1, dϕ+2, dϕ+3, d2ϕ+3, d2ϕ+4)
for d ∈ Fn. From the Orbit-Stabiliser Theorem, the stabiliser Ree(n)Z∞ has order n3(n− 1).
The group Ree(n) is generated by Syl3 and Ree(n)Z∞,O, together with the projectivity W of order 2 associated to the
matrix,
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0
 ,
that interchanges Z∞ and O. Here,W is an involution and it fixes exactly n+1 points ofΩ . Furthermore, Ree(n) has a unique
conjugacy class of involutions, and hence every involution in Ree(n) has n + 1 fixed points in Ω . The subgroup generated
by Ree(n)Z∞,O and Syl3 is a Borel subgroup of Ree(n) and is a Frobenius group with Frobenius kernel Syl3. This gives rise to
a BN-pair of Ree(n), see [14, p.493].
Assume that n = (n′)t with an odd integer t = 2v + 1, v ≥ 1. Then Fn has a subfield Fn′ , and PG(6, n)may be viewed
as an extension of PG(6, n′). Doing so,Q still defines a quadric in PG(6, n′), and the points ofΩ contained in PG(6, n′) form
an ovoid, the Ree–Tits ovoid ofQ in PG(6, n′). The associated Ree group Ree(n′) is the subgroup of Ree(n)where the above
elements a, b, c, d range over Fn′ .
The maximal subgroups of Ree(n) were determined by Migliore [28] and, independently, by Kleidman [25, Theorem C],
see also [9, Lemma 3.3].
Proposition 11. The following is the list of maximal subgroups of Ree(n) with n > 3 up to conjugacy:
(i) the one-point stabiliser of order n3(n− 1);
(ii) the centraliser of an involution z ∈ Ree(n) isomorphic to 〈z〉 × PSL(2, n) of order n(n− 1)(n+ 1);
(iii) a subgroup of order 6(n+ 3n0 + 1), the normaliser of a cyclic Singer group of order n+ 3n0 + 1;
(iv) a subgroup of order 6(n− 3n0 + 1), the normaliser of a cyclic Singer order of order 6(n− 3n0 + 1);
(v) a subgroup of order 6(n+ 1), the normaliser of a cyclic subgroup of order n+ 1;
(vi) Ree(n′) with n = n′t and t prime.
Proposition 12. Let U be a cyclic subgroup of Ree(n) with n > 3 which contains no non-trivial element fixing a point on Ω .
Then |U| divides one of 12 (n+ 1), n− 3n0 + 1 or n+ 3n0 + 1.
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Proof. Every involution in Ree(n) has exactly n + 1 fixed points onΩ , and every element in Ree(n) whose order is 3 fixes
exactly one point in Ω . Therefore, neither 3 nor 2 divides |U|. Furthermore, if U is contained in a subgroup (iii), then U
preserves the set of fixed points of z, and hence |U| divides 12 (n+ 1).
Now, assume that U is contained in a subgroup (iii) or (iv), say N . Let S be the cyclic Singer subgroup of N . We show that
U is contained in S. Suppose on the contrary that S ∩ U 6= U . Then SU/S is a non-trivial subgroup of the factor group N/S.
Hence either 2 or 3 divides |SU/S|. Since |SU/S| = |S| · |U|/|S ∩ U| and neither 2 nor 3 divides |S|, it follows that either 2 or
3 divides |U|. But this is impossible by the preceding result.
If U is contained in a subgroup (v), say N , we may use the preceding argument. Let S be the cyclic subgroup of N . Arguing
as before, we can show that U is a subgroup of S.
Finally, we deal with the case where U is contained in a subgroup (vi) which may be assumed to be Ree(n′)with
n = n′(2v+1), v ≥ 1;
equivalently
s = 2uv + u+ v.
Without loss of generality, U may be assumed not be contained in any subgroup Ree(n′′) of Ree(n′).
If n′ = 3 then U is a subgroup of Ree(3) ∼= P0L(2, 8). Since |P0L(2, 8)| = 23 · 33 · 7, and neither 2 nor 3 divides
|U|, this implies that |U| = 7. On the other hand, since n = 3k with k odd, 7 divides n3 + 1. Therefore, 7 divides
n3 + 1 = (n+ 1)(n+ 3n0 + 1)(n− 3n0 + 1)whence the assertion follows.
For n′ > 3, the above discussion can be repeated for n′ in place of n, and this gives that |U| divides one of n′+1, n′+3n′0+1
or n′+3n′0+1. So, we have to show that each of these three numbers must divide either n+1, or n+3n0+1, or n−3b0+1.
If U divides n′ + 1 then it also divides n + 1 since n is an odd power of n′. For the other two cases, the following result
applies for n0 = k and n′0 = m.
Claim 13 ([35, V. Vígh]). Fix a u ≥ 0, and let m = 3u, d± = 3m2±3m+1. For a non-negative integer v, let s = 2uv+u+v, k =
3s, and
M1(v) = 3k2 + 3k+ 1, M2(v) = 3k2 + 1, M3(v) = 3k2 − 3k+ 1.
Then for all v ≥ 0, d± divides at least one of M1(v), M2(v) and M3(v).
We prove the claim for d+ = d = 3m2 + 3m+ 1, the proof for the other case d− = m2 − 3m+ 1 being analogous.
We use induction on v. We show first that the claim is true for v = 0, 1, 2, then we prove that the claim holds true when
stepping from v to v + 3.
SinceM1(0) = d, the claim trivially holds for v = 0.
For v = 1 we have the following equation:
(32u+1 + 3u+1 + 1)(34u+2 − 33u+2 + 32u+2 − 32u+1 − 3u+1 + 1) = 36u+3 + 1,
whence
32u+1 + 3u+1 + 1 = d | M2(1) = 36u+3 + 1. (1)
Similarly,
(32u+1 + 3u+1 + 1)(38u+4 − 37u+4 + 36u+4 − 36u+3 − 35u+3) = 310u+5 − 35u+3 + 1− (36u+3 + 1).
On the other hand, using (1) we obtain that
32u+1 + 3u+1 + 1 = d | M3(2) = 310u+5 − 35u+3 + 1,
which gives the claim for v = 2.
Furthermore, using (1) together with
M2(v + 3)−M2(v) = (34uv+14u+2v+7 + 1)− (34uv+2u+2v+1 + 1)
= 34uv+2u+2v+1(36u+3 + 1)(36u+3 − 1)
we obtain that
d | M2(v + 3)−M2(v). (2)
Now, direct calculation shows that
M1(v + 3)−M3(v) = M2(v + 3)−M2(v)+ 32uv+u+v+1 ·M2(1).
From (1) and (2),
d | M1(v + 3)−M3(v).
Similarly,
M3(v + 3)−M1(v) = M2(v + 3)−M2(v)− 32uv+u+v+1 ·M2(1),
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and so
d | M3(v + 3)−M1(v).
This finishes the proof of the Claim and hence it completes the proof of Proposition 12. 
One may ask for a proof that uses the structure of Ree(n) in place of the above number theoretic Claim. This can be done
as follows.
Take a prime divisor d of |U|. As we have pointed out at the beginning of the proof of Proposition 12, U has no elements
of order 2 or 3. This implies that d > 3. In particular, the Sylow d-subgroups of Ree(n) are cyclic and hence are pairwise
conjugate in Ree(n).
Since |U| divides n3 + 1, and n3 + 1 factorizes into (n+ 1)(n+ 3n0 + 1)(n− 3n0 + 1)with pairwise co-prime factors, d
divides just one of these factors, say v. From Proposition 11, Ree(n) has a cyclic subgroup V of order v. Since d divides v, V
has a subgroup of order d. Note that V is not contained in Ree(n′) as v does not divide |Ree(n′)|.
Let D be a subgroup of U of order d. Then D is conjugate to a subgroup of V under Ree(n). We may assume without loss
of generality that D is a subgroup of V .
Let C(D) be the centralizer of D in Ree(n). Obviously, C(D) is a proper subgroup of Ree(n). Since both U and V are cyclic
groups containing D, they are contained in C(D). Therefore, the subgroup W generated by U and V is contained in C(D).
To show that U is a subgroup of V , assume on the contrary that the subgroupW of C(D) generated by U and V contains V
properly. From Proposition 11, the normaliserN (V ) is the only maximal subgroup containing V . ThereforeW is a subgroup
ofN (V ) containing V , andW = UV . The factor groupW/V is a subgroup of the factor groupN (V )/V . From Proposition 11,
|W/V | divides 6. On the other hand,
|W/V | = |U||V ||U ∩ V ||V | =
|U|
|U ∩ V | .
But then |U| has to divide 6, a contradiction.
5.1. Examples
No explicit matrix presentations of the semi-regular subgroups of Ree(n) are available in the literature.
6. Cyclic subgroups of the 2-point stabiliser of the automorphism groups of PSL(2, n), PSU(3, n), Sz(n) and Ree(n)
Theorem 14. Let G be any of the groups PSL(2, n), PSU(3, n), Sz(n), and Ree(n) with n ≥ 4, given in its natural 2-transitive
permutation representation on a set Ω . Let Γ be a subgroup of Aut(G). Suppose that Γ properly contains G. If the 2-point
stabiliser of Γ is a cyclic group then either G = PGL(2, n), Γ = PGL(2, n) with n odd, or G = PSU(3, n), Γ = PGU(3, n) and
gcd(3, n+ 1) = 3.
Proof. Since each of the four groups PSL(2, n), PSU(3, n), Sz(n), and Ree(n) with n ≥ 4 is simple, G has a trivial centre.
Therefore, G is isomorphic to its inner automorphism group, and G may be assumed to be a subgroup of Aut(G). Each of
these four groups acts on the set of its Sylow p-subgroups as in its natural 2-transitive representation. Furthermore, every
non-trivial automorphism of G induces a non-trivial permutation on the set of all Sylow p-subgroups. Therefore, Aut(G)may
be assumed to be a permutation group onΩ containing G. By our hypothesis, G is a proper subgroup of Aut(G).
As G is 2-transitive onΩ , ΓP,Q is larger than GP,Q for every two distinct points P,Q ∈ Ω . Now the four cases are treated
separately.
Let G = PSL(2, n). Then Aut(PSL(2, n)) = P0L(2, n), see [19, Chapter II. Aufgabe 15]. Take P = ∞ and Q = 0. Then GP,Q
comprise all linear transformations X → aX with a ∈ Fn \ {0}when n is even, and a ∈ when n is odd.
For even n, ΓP,Q \ GP,Q consists of semi-linear transformations X → bXσ with σ ∈ Aut(Fn), σ 6= 1. If α such a semi-
linear transformation, then α and the linear transformation X → aX commute if and only if aσ = a. Since σ is a non-trivial
automorphism of Fn, there are elements a ∈ Fn such that aσ = a. Therefore, ΓP,Q is not an abelian group. This proves the
assertion for G = PSL(2, n)when n is even.
For n odd, PSL(2, n) < PGL(2, n) < P0L(2, n), Hence, ΓP,Q contains either a linear transformation from PGL(2, n) \
PSL(2, n) or a semi-linear transformation. The latter possibility can be ruled out using the preceding argument. Assume
that the former case occurs. Then ΓP,Q contains a linear transformation x→ ax for a non-square element a of Fn. Hence Γ
coincides with PGL(2, n). Since the 2-point stabiliser of PGL(2, n) is cyclic, the assertion holds for G = PSL(2, n) when n is
odd.
Let G = PSU(3, n). Take P andQ as the unique infinite point Y∞ ∈ U and the origin, respectively. Then GP,Q comprises all
linear transformation (X, Y )→ (bdX, bY )where b ∈ Fn2 \{0} and d = n+1 or d = 13 (n+1) according as gcd(3, n+1) = 1
or gcd(3, n+ 1) = 3. Furthermore, Aut(PSU(3, n)) = P0U(3, n), see [30].
For gcd(3, n + 1) = 1 this implies that ΓP,Q \ GP,Q consists of semi-linear transformations (X, Y )→ (cdXσ , cY σ ) with
c ∈ Fn2 \ {0} and σ ∈ Aut(Fn2), σ 6= 1. Take such a semi-linear transformation α. It is easily checked that α commutes with
a linear transformation (X, Y ) → (bdX, bY ) if and only if bσ = b. Arguing as before for PSL(2, n), this implies that ΓP,Q is
not an abelian group. This proves the assertion for G = PSL(2, n) and gcd(3, n+ 1) = 1.
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For gcd(3, n+ 1) = 3, the above argument only shows that ΓP,Q \ GP,Q contains no proper semi-linear transformations.
As a matter of fact, ΓP,Q \ GP,Q may contain a linear transformation (X, Y ) → (bdX, bY ) with bn+1 = 1 but bd 6= 1. Since
ΓP,Q is larger than GP,Q , this must happen. Therefore, Γ = PGU(3, n) and ΓP,Q is cyclic indeed. This completes the proof for
G = PSL(2, n).
Let G = Sz(n). Take P = (1, 0, 0, 0) and Q = (0, 0, 0, 1) as the infinite point and the origin, respectively. Then GP,Q
comprises all projectivities
(X, Y , Z, T )→ (u1+n0X, un0Y , u−n0Z, u−(1+n0)T ) (3)
with u ∈ Fn \ {0}. From [20, Chapter XI, Remark 3.12 c)], ΓP,Q \ GP,Q consists of semi-linear transformations
(X, Y , Z, T )→ (v1+n0Xσ , vn0Y σ , v−n0Zσ , v−(1+n0)T σ )
with v ∈ Fn \{0} and σ ∈ Aut(Fn), σ 6= 1. If α is such a semi-linear transformation, then α and the projectivity (3) commute
if and only if uσ = u. As in the previous cases, this implies that ΓP,Q is not an abelian group. This proves the assertion for
G = Sz(n).
Finally, let G = Ree(n). Take P and Q as the points Z∞ and O, respectively. Then GP,Q comprises all projectivities of
PG(6, n) such that
(X, Y , Z, T ,U, V ,W )→ (X, uY , uϕ+1Z, uϕ+2T , uϕ+3U, u2ϕ+3V , u2ϕ+4W )
for u ∈ Fn \ {0}. From [31], ΓP,Q \ GP.Q consists of semi-linear transformations
(X, Y , Z, T ,U, V ,W )→ (Xσ , vY σ , vϕ+1Zσ , vϕ+2T σ , vϕ+3Uσ , v2ϕ+3V σ , v2ϕ+4W σ )
with v ∈ Fn \ {0} and σ ∈ Aut(Fn), σ 6= 1. At this point, the proof may be finished using the above argument for Sz(n). 
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